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Simulation of Detachment of Specifically Bound Particles from Surfaces
by Shear Flow

Suzanne C. Kuo,* Daniel A. Hammer,# and Douglas A. Lauffenburger*
*Department of Chemical Engineering, University of Illinois at Urbana-Champaign, Urbana, Illinois 61801, and #School of Chemical
Engineering, Cornell University, Ithaca, New York 14853 USA

ABSTRACT The receptor-mediated adhesion of cells to ligand-coated surfaces is important in many physiological and
biotechnological processes. Previously, we measured the detachment of antibody-coated spheres from counter-antibody-
and protein A-coated substrates using a radial-flow detachment assay and were able to relate mechanical adhesion strength
to chemical binding affinity (Kuo and Lauffenburger, Biophys. J. 65:2191-2200 (1993)). In this paper, we use "adhesive
dynamics" to simulate the detachment of antibody-coated hard spheres from a ligand-coated substrate. We modeled the
antibody-ligand (either counter-antibody or protein A) bonds as adhesive springs. In the simulation as in the experiments,
beads attach to the substrate under static conditions. Flow is then initiated, and detachment is measured by the significant
displacement of previously bound particles. The model can simulate the effects of many parameters on cell detachment,
including hydrodynamic stresses, receptor number, ligand density, reaction rates between receptor and ligand, and stiffness
and reactive compliance of the adhesive springs. The simulations are compared with experimental detachment data, thus
relating measured bead adhesion strength to molecular properties of the adhesion molecules. The simulations accurately
recreated the logarithmic dependence of adhesion strength on affinity of receptor-ligand recognition, which was seen in
experiments and predicted by analytic theory. In addition, we find the value of the reactive compliance, the parameter which
relates the strain of a bond to its rate of breakage, that gives the best match between theory and experiment to be 0.01.
Finally, we analyzed the effect of varying either the forward or reverse rate constants as different ways to achieve the same
affinity, and showed that adhesion strength depends uniquely on the equilibrium affinity, not on the kinetics of binding. Given
that attachment is independent of affinity, detachment and attachment are distinct adhesive phenomena.

NOMENCLATURE

fb force required to break bond
g gravitational constant
h height of cell above surface
kb Boltzmann's constant
kf forward reaction rate
ko intrinsic forward reaction rate
kr reverse reaction rate
ko intrinsic reverse reaction rate
lb extent of stretch
t time

At time interval
z distance of the center of the sphere from the

surface
AC contact area between model cell and surface
Ad dimensionless adhesion number

Arec receptor tip area
A123 Hamaker constant
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bond number in contact region
receptor/ligand complex density
diameter of receptor tip
gravity force
total force to detach cell from surface
van der Waals force
scaled height, (z -a)la
equilibrium association constant
equilibrium dissociation constant
surface/surface equilibrium dissociation constant
solution/surface equilibrium dissociation constant
initial ligand concentration
ligand density
receptor density
probability of binding
probability of breakage
volumetric flow rate
receptor number in contact area
cell radius
number of receptors
critical shear stress
minimum allowable height above surface
temperature
critical tension
translational velocity

time-varying vector for bond
vector of Cartesian coordinates of receptor end
on cell surface
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G

xo vector of Cartesian coordinates of receptor end
on ligand-coated surface

C torque vector
F force vector
R distance vector
U velocity vector
M] mobility matrix, used in calculating velocities
Q] addition of log of rotation matrices
R] rotation matrix
ST] transformation matrix

.reek

e London retardation wavelength
4) spherical coordinate of receptor
Zy shear rate
%c critical shear rate
7J conversion factor for equilibrium dissociation

constant
A equilibrium separation distance for spring
A. viscosity
0 spherical coordinate of receptor

PC cell density
Pm medium density
a spring constant

°Uts transition state spring constant
mvlO scaled time to move distance of 10 radii

fIj angular velocity

INTRODUCTION

Receptor-mediated cell adhesion under conditions of fluid
flow plays a crucial role in many physiological and biotech-
nological processes. For example, leukocyte and tumor cell
homing to particular tissues is accomplished by specific
receptor interactions with endothelial ligands (Springer,
1990). Cell affinity chromatography, in which cells bind
specifically to ligand-coated supports, can be used for de-
pletion of tumor cells from bone marrow for autologous
transplantation, enrichment of stem cells from the bone
marrow or peripheral blood for allogeneic transplantation or

for gene therapy, and isolation of fetal cells from maternal
blood for genetic diagnosis (Berenson et al., 1986; Sharma
and Mahendroo, 1980).
A long-standing issue in cell adhesion is how receptor-

mediated cell/cell or cell/substratum adhesion strength is
related to receptor/ligand binding affinity. Previously we

measured the detachment of antibody-coated spheres from
counter-antibody- and protein A-coated substrates using a

radial-flow detachment assay. The results related chemical
binding affinity of antibody-protein A binding to mechani-
cal adhesion strength (Kuo and Lauffenburger, 1993). The
experimental results were analyzed in terms of an existing
theoretical model for cell adhesion by Dembo et al. (1988).
Combined with an expression for adhesion energy density
by Evans (1985), this model successfully described the data,

showing in particular that mechanical adhesion strength
depends logarithmically on receptor-ligand affinity.

However, there are several unresolved questions regard-
ing these experiments and the applicability of Dembo and
co-workers' analytic theory that require further exploration.
The analytic theory was derived for deformable membranes,
yet the experiments were performed with hard particles,
leading to questions of whether the two are directly com-
parable. Furthermore, the analytic theory suggests that ki-
netics, the rates of association and dissociation, play no role
in the strength of adhesion. The experiments did not explic-
itly test the role of kinetics. However, the role of kinetics in
detachment, if any, should be established. Finally, the the-
ory of Dembo and co-workers suggests that mechanical
properties of the adhesion molecules, such as their stiffness
and reactive compliance, do not affect the strength of ad-
hesion, but only the rate of detachment. The dependence of
detachment strength on molecular mechanical properties
was not tested in the experiments, but needs to be tested
further. To address these issues, we use adhesive dynamics
(Hammer and Apte, 1992). Adhesive dynamics is a com-
puter simulation method that allows us to calculate how a
particle coated with adhesion molecules will bind to a
ligand-coated substrate under the action of an external force.
Adhesive dynamics includes the effects of parameters such
as receptor number, ligand density, rates of reaction be-
tween receptor and ligand, their affinity of interaction, col-
loidal interactions between the cell and the surface, magni-
tude of fluid flow, and the mechanical properties of the
adhesive bonds on adhesion. In this case, we are interested
in how these parameters affect the detachment of particles
that are bound to surfaces at steady state, a mimic of the
procedure used in the experiments. Adhesive dynamics sim-
ulations then permit determination of the appropriate pa-
rameter values to describe the results of detachment exper-
iments (Kuo and Lauffenburger, 1993). The comparison
between adhesion dynamics and experiment provides a fur-
ther test of the adhesive dynamics method. Finally, param-
eters in the simulation can be altered to determine the
sensitivity of detachment to these parameters for the design
or better understanding of cell adhesion.

MODEL FORMULATION

Model geometry and receptor distribution

The model geometry is shown in Fig. 1. Hammer and Apte
(1992) used a microvilli-covered hard sphere, where the
microvilli are randomly distributed on the surface using a
hard-disk overlap algorithm, and the Poisson distribution
was used to place the receptors on the microvilli. In this
work, the hard-disk overlap algorithm was used to place
receptors directly on the hard sphere, without the microvilli
extensions. This more closely resembles the IgG-coated
polystyrene system used in the experimental work (Kuo and
Lauffenburger, 1993). All receptors are sufficiently close to
the substrate for binding to occur. The sphere has radius RCh,

T
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fluid flow ;

ligand density, N L h (x0,y0,z0)

FIGURE 1 Model geometry and coordinate system. The cell is modeled
as a hard sphere of radius RCh, covered with RT receptors. RT receptors are
randomly distributed over the cell surface, and the density of ligand on the
substrate is assumed to be NL. The positions of all receptors can be
monitored with a Cartesian coordinate system, the origin of which is at the
cell's center. The spherical coordinates are also used to identify receptor
positions. The position of the end of each bond or tether is given by the
vector (Xm, Yi,n Zm). Similarly, the position of the bond on the substrate is
given by (xo, yo, zo). The distance h is a time-varying quantity, representing
the separation distance between the sphere and the surface.

covered by RT receptors. The receptor number in these
simulations ranges from 5 X 104 to 3 X 105, and the
receptors are randomly distributed on the surface. A ligand
density of NL molecules is assumed, and the density of these
molecules is assumed to be in excess of the receptor density.
To characterize the system, two coordinate systems are

used. A Cartesian system is centered on the cell. Each
receptor, however, is given a unique position in spherical
coordinates, determined by randomly placing the receptors
on the cell surface. The translational and angular velocities
are calculated in Cartesian coordinates. As the cell moves,
the positions of the receptors relative to the surface change,
requiring translations between Cartesian and spherical co-
ordinates to provide the updated receptor positions. The
ranges for the coordinates are 0 ' 4 ' 7r and 0 . 0 . 2ir.
The receptors on the cell surface have coordinates in both
coordinate systems.
The receptors are randomly distributed on the surface

with the hard disk overlap algorithm (Appendix A). Unlike
the receptors, the ligand on the planar surface is in excess
and is uniformly reactive. Thus random distribution of li-
gand is not necessary for the simulation.

Spring model

The adhesion molecules are modeled as linear, Hookean
springs with a spring constant ur. The force the bond exerts
on the cell depends on the length of this "spring" or bond
and on the spring constant. Therefore, the positions of the
ends of the bond in Cartesian coordinates on both cell and
ligand surfaces must be determined and tracked through
time. These positions are stored as vectors, xm = (Xm, Ym,

Zm) and xo = (xo, yY, zo), where xm is the position of the end
of the tether attached to the cell and xo is the position on the
substrate. Because the sphere translates and rotates, the
vectors xm and xo change with time. The bond can be
described by a time-varying vector, Xb = Xo- Xm.

Reaction kinetics and probabilities

Dembo et al. (1988) provide self-consistent kinetic rate
expressions for a receptor/ligand bond modeled as a spring.
The expressions relate the forward reaction rate kf and the
reverse reaction rate kr to the vertical separation distance xm
between the receptor's position on the cell surface and the
ligand-coated surface:

k= k? exp (-t (xm- A)2)

krk(0 - 2kt)(xm- 02

(1)

(2)

where A is the equilibrium separation distance for the
spring, kbT is the thermal energy (product of the Boltzmann
constant and temperature), o- is the spring constant, and artS
is the transition state spring constant. The superscript °
denotes rates of reactions that occur at the spring's equilib-
rium length. In Eq. 1, the forward reaction rate decreases as
the distance deviates from equilibrium separation distances.
The affinity kf/kr is given:

(3)
kf - kf expI (Xm-A)2
k = k°ropV 2kbT

From these expressions, it is clear that the likelihood of a
bond forming and remaining intact is reduced as the sepa-
ration deviates from equilibrium. Hammer and Apte (1992)
discuss the physical limitations of ats, concluding that oTts
will be finite and nonzero. In addition, the rate of bond
breakage increases or decreases with extension, depending
on the sign and magnitude of (o - (tS) If the sign is
positive, bond extension will lead to an accelerated rate of
breakage ("slip bond"; Dembo et al., 1988). If the sign is
negative, bond extension reduces the breakage and is called
"catch bond." If the sign is zero, the bond is "ideal" and
breaks at the same rate, regardless of extension. The mag-
nitude of this difference and sign have a large effect on the
adhesion of cells under conditions of fluid flow, as shown
by Hammer and Apte (1992). To quantify this effect, we
define a parameter called the reactive compliance, F, =
(a - ats))/c', which is this difference scaled to the spring
constant.

Given the expressions for the forward and reverse reac-
tion rates (Eqs. 1 and 2), the probabilities for binding and
breakage of an adhesive tether in a given simulation time
step At can be calculated and sampled as described by
Hammer and Apte (1992). The sampling is based on the
probability of bond formation (breakage) Pb (Pr), which
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depends on the reaction rate kf (kr) and time step At:

Pb= 1 - exp(-kfAt)

Pr 1 - exp(-krAt)

(4)

(5)
These probabilities are compared with a random number
between 0 and 1 generated for each receptor (bond) to
determine if the bond forms (breaks) during this time
interval.

Force and torque calculations

The force a bond exerts on the cell is calculated from the
length and orientation of the bond, using linear elasticity:

Fb = (XbI X)ib (6)

The torque is then calculated from

Cb = RbX Fb (7)

where Rb is the vector from the bead center to the bond
connection point. The net adhesive force and torque in each
direction are calculated by summing these expressions over

all bonds at every time point.
In addition to bond forces, the colloidal interactions be-

tween a sphere and a surface contribute to the total force.
The contributions due to van der Waals, electrostatic, steric
interactions, and gravitational body force are given in Ap-
pendix B.
The hydrodynamic shear forces and torques exerted by a

passing fluid on an immobilized sphere in proximity to a

plane wall were described by Goldman et al. (1967a,b).
Bond, colloidal, and shear forces are added to derive the

vector of net forces acting on the bead:

F = (FX + Fc, Fy + Fs, Fb, C, Cb, Cb + Cs) (8)

The superscripts b, c, and s indicate forces due to bonding,
colloidal interactions, and shear, respectively.

Velocities

The net forces at each time step are then used to calculate
the velocities of the sphere, using specific hydrodynamic
functions that relate the applied forces and torques to the six
components of translation and rotation (Brenner, 1961;
Goldman et al., 1967a,b; Jeffrey, 1915). The vector of
velocities is given by

U = (Vx,-Vy Vz , fix fly 9 Qz) (9)

The relationship between externally applied forces and
torques and motions is written:

U = [M]F (10)

where [M] is the mobility matrix containing the hydrody-
namic functions that depend on the separation distance
between the cell and the surface, the cell radius RCh, and the
solution viscosity, ,u. For motion of a sphere near a wall in

viscous flow, this matrix is well characterized, as discussed
in Hammer and Apte (1992).

Update of cell and receptor positions

When the bonds are initially formed, the position of the
receptor ("bond end") on the substrate is directly below the
receptor on the cell. Thus the x and y coordinates are
identical. After the velocity is calculated for a given time
step, the particle moves, and new positions (in both spher-
ical and Cartesian coordinate systems) of the end points of
each bond are updated for each time step. The Cartesian
coordinates for the position of the receptors (x, y, z) are
updated using the Cartesian translational velocities. The
spherical coordinates of the receptors (0, 4)) are updated
using the Cartesian angular velocities (fi). The simulation
is performed in the particle's reference frame, and thus, with
each iteration, the position on the substrate changes accord-
ing to the motion of the cell, creating an apparent convec-
tion of the substrate. The positions of the bond end on the
substrate are updated using the translational velocities of the
cell relative to the fixed surface. For these calculations, we
developed a more accurate method for updating the posi-
tions of the receptor. Details of this method are found in
Appendix C.

Dimensional analysis

Because the motion of the cells is driven by the external
hydrodynamic flow, Hammer and Apte (1992) chose a time
scale of -y 1, where y is the shear rate. However, in the
detachment experiments, there was no flow during attach-
ment. Furthermore, during detachment, the shear rate varied
for different locations in the flow chamber, so scaling with
the shear rate is not practical. Thus time was scaled to the
forward rate constant, multiplied by the ligand density.

Furthermore, scaling the forces to a shear rate, as was
done in Hammer and Apte (1992), is not appropriate for
these simulations. Therefore, forces are scaled to ORCh, and
torques are scaled to 4/3 aR 2h. Lengths are scaled to the
radius of the sphere. The definitions and appropriate scales
for the dimensionless groups are shown in Table 1. Esti-
mates for values of the dimensional parameters are shown in
Table 2, giving ranges suitable for leukocytes as well as for
the latex bead system (Kuo and Lauffenburger, 1993). Leu-
kocytes are a cell type that adheres to surfaces in the early
events of the inflammatory response. The leukocyte ranges
are presented in Table 2 for comparison with values mea-
sured or chosen for the spherical particles.
When the above dimensionless variables are used, the

governing equations for the system can be rederived in
dimensionless form for 1) kinetics of binding and breakage
during a time step At, 2) dimensionless forces and torques
due to the bonds, 3) dimensionless colloidal force, 4) di-
mensionless force and torque balances, and 5) translation of
molecules. These balances are shown in Appendix D.
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TABLE I Dimensionless parameters

Symbol Definition Scaling
T Scaled time T = tkfNL

10 Scaled Cartesion coordinate xi = -, i = x,y, zRch
A

8b Scaled bond length 5b= Rch
h

h Scaled bead height from surface h = Rch

Vi
Vj Scaled translational velocity Vi =kfoNLR-

fQi Scaled angular velocity kfNL

a Spring energy/fluid energy a 67TWRch
a

a' Spring energy/fluid flow energy a' 6wpkfoNLRch
UR2h

v Spring energy/thermal energy ch-
2kbT

at.R2h
Vts Transition state spring energy/thermal vts 2kbT

energy

kf
x Scaled forward reaction rate X =kA kfo

a k/NL
XO Intrinsic forward reaction rate/fluid X= a =

flow rate

,B Scaled reverse reaction rate = k,N

PO Scaled intrinsic reverse reaction rate P kfNL

F,a Reactive compliance FUrt=

Time interval

The choice of the time step for the attachment and the
detachment phases is critical. If the time step was too large,
multiple binding or breakage events could happen in one

time interval, leading to unrealistic events, such as cycling
of bond number or sudden breakage of all of the bonds.
Smaller time steps were chosen to avoid these instabilities.
However, small time steps lead to longer computer run time
for the simulation. Depending on the forward rate constant,
optimal time steps AT on the order of 10-6 were used for
most of the simulations.

Attachment model verification

A series of attachment simulations were run initially to
compare results with those of Hammer and Apte (1992).
The translational velocities (Vi) and angular velocities (Qj)
can be calculated as a function of dimensionless time, T.

These initial simulations showed that Nb, the number of
bonds, and Vy the velocity of the sphere in the direction of

flow, are inversely related as expected. Maxima in Nb yield
minima in V , and vice versa. These results are consistent
with the results given by Hammer and Apte (1992), verify-
ing the accuracy of the attachment code.

SIMULATION PROCEDURE

All computer programming and simulations were run on a
Silicon Graphics IRIS Indigo workstation and an Iris Crim-
son server. The program was written and compiled in FOR-
TRAN 77 and is available by request. Random numbers and
seeds were generated with a portable random number gen-
erator provided in Numerical Recipes (Press et al., 1989).
This random number generator has an infinite period in
which different seeds (negative numbers) will generate dif-
ferent sequences. The function returns a uniform deviate
between 0.0 and 1.0. In addition, the Graphics Library (GL)
on the Indigo workstation was used to display the sphere
and bond formation/breakage during the simulation; the
Graphics Library provides subroutines for 2-D and 3-D
color graphics and animation. The facilities at the Beckman
Institute Visualization Laboratory (Urbana, IL) and at Sili-
con Graphics (Mountain View, CA) were used to videotape
segments and store images from these animation sequences.

Attachment

To simulate the attachment step in the radial-flow detach-
ment assay (RFDA) experiments, in which the beads were
allowed to settle to the surface by gravity and no fluid flow
was applied, zero shear rate was applied to the bead in the
simulation. The attachment simulation was allowed to run
until equilibrium was reached, or when the number of bonds
did not change with time. Equilibrium attachment was
reached within T = 200, equivalent to 6 ms for the cases in
which kf = 5 X 10 -9 cm2/s. At the end of the attachment
simulation, the total number of bonds as well as the 4 and
0 positions of the bonds, the bead height above the surface,
and the calculated bond forces and torques were stored in
arrays for use as the initial conditions for the detachment
phase of the simulation.

Detachment

Given the initial conditions for detachment as provided by
the final conditions of the equilibrium attachment simula-
tion, a shear rate was applied to the adhered bead, and time
evolution of all extrinsic variables was monitored. The
angular and translational velocities of the sphere were cal-
culated from the forces and torques. If the fluid force was
large enough, bonds were broken and the sphere traveled
across the surface. The dimensionless distance that the bead
traveled across the substrate was calculated from the trans-
lational velocity. Because small movements of the sphere
on the order of the sphere radius or less are not necessarily
indicative of attachment, we established a more realistic
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Table 2 Estimates for dimensional parameters

Symbol Definition Value range Simulation value References

Rch Cell radius 2.5-50 ,um 5 ,tm Lawrence and Springer, 1991
Arec Area of receptor 10- 13 cm2 Cozens-Roberts, 1990
RT Number of receptors 104-107 5 x I04-3 X 105 Lawrence and Springer, 1991; Kuo

and Luaffenburger, 1993
NL Ligand density 109_1013 #/cm2 3.5 X 1012 #/cm2 Lawrence and Springer, 1991; Kuo

and Luaffenburger, 1993
A Equilibrium bond length 5-50 nm 25 nm Springer, 1990
hinit Initial height 2.6 X 10-6 cm from antibody dimensions (Cozens-

Roberts, 1990)
K Affinity 107_10-3 Cm2 109-1013 cm2 Bell, 1981; Lawrence and Springer,

1991
kf/ Forward reaction rate 1012_10-7 cm2/ 10- 2-10-8 cm2/s Hammer and Lauffenburger, 1987;

s Lawrence and Springer, 1991
ko Reverse reaction time 5 x 10-3 S-1 Kuo and Luaffenburger, 1993
,u Viscosity 0.01 g/cm-s 0.01 g/cm-s Lawrence and Springer, 1991
Ay Shear rate 50-400 s-' 50-10,000 s-' Lawrence and Springer, 1991; Kuo

and Luaffenburger, 1993
PC Cell density 1 g/cm3 1 g/cm3 Bongrand and Bell, 1984
Pm Medium density 1.05-1.10 g/ 1.05 g/cm3 Bongrand and Bell, 1984

cm3
T Temperature 277-310 K 298 K
Of Spring constant 0.5-5 dyne/cm 1-2 dyne/cm Dembo et al., 1988; Evans et al.,

1991
0-ts Transition state spring constant -5-5 dyne/cm 0-2 dyne/cm Dembo et al., 1988
Smin Minimum height above surface 200 A Cozens-Roberts, 1990

criterion for detachment. If the sphere traveled 10 radii, we
assumed that it detached. A series of different shear rates
was applied to an adherent sphere. For each shear rate, the
dimensionless time for detachment, TTmvlO, was calculated,
starting at the highest shear rate (-10,000 s-1) for which
the time for detachment would be the shortest. A plot of
time taken to travel the 10 radii versus shear rate was

generated. We found this relationship could be well fit with
an equation of hyperbolic form:

(^ - Jc)T.,1 =A(11)
where Yc is the asymptotic limit and A is a constant. This
asymptote is the critical shear rate, -c, at which it takes
infinite time to detach the bead. This correlates with the
critical shear rate measured in the RFDA experiments.

GENERAL RESULTS

Attachment

We simulated attachment of particles under zero fluid shear
rate to obtain the initial conditions for detachment. Various
receptor numbers were simulated, resulting in an increase in
equilibrium bond number as receptor number increases. We
found that T = 200 is a sufficient length of time to reach
steady-state attachment. In general, roughly 0.2% of all the
receptors are bound to ligand at steady state. This bond
fraction is dependent on ligand density and the contact area.

The diameter of the region over which receptors were bound
was roughly 0.5 ,gm, which, given the bead radius of 5 ,um,
is 0.25% of the total sphere surface area. This suggests that

all receptors in the contact area were bound, consistent with
the excess ligand density assumption.

Detachment

After steady-state attachment had been attained, different
shear rates were applied to the particles, and the times for
detachment were measured. Fig. 2 shows a sample simula-
tion in which a high shear rate is applied (at T = 1000,
where T = 0 represents initial contact with the surface) and
the number of bonds decreases dramatically. A plot of
velocity corresponding to these conditions would show zero
velocity until the time at which detachment shear was
applied ( = 1000), where the velocity increases as bonds
are broken.
As mentioned previously, a criterion based on the dis-

placement of the particle was used to assess detachment.
This is generally superior to a criterion based on binding,
because singly bound particles could be motionless, or
multiply bound particles could be in motion. So binding is
not a unique determinant of detachment.

Fig. 3 shows the scaled distance traveled as a function of
time, for increasing shear rates. In this example, shear rates
greater than or equal to 100 s-1 displace the particle a
distance of many radii. However, a shear rate of 50 s- 1 does
not cause significant, if any, translational displacement of
the sphere. Therefore, the critical shear rate, the shear rate
against which the sphere can resist translation, falls between
100 s-1 and 50 s-1. To determine the critical shear rate
accurately, the time (T) required to move a certain distance
was determined. A distance corresponding to significant
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FIGURE 2 Equilibrium attachment followed by detachment with a high
shear rate. The number of bonds formed increases with time until steady-
state conditions are reached. Initially, zero shear flow is applied to repre-
sent adhesion without fluid flow. As the receptor number increases, the
total number of bonds reaches equilibrium. Detachment flow is then
applied (^y = 1 X 104 s- ) at T = 1000, and the number of bonds decreases.
In this example, kf = 5 X 10-9 cm2/s, kr = 5 x 10-3 s- 1, and F0, = 0.01.

displacement of the particle, 10 radii, was used. The times
for displacement as a function of shear rate are well fit with
the hyperbolic form given in Eq. 11, where Yc is the
asymptotic limit and A is a constant. This asymptote defines
the critical shear rate, Yc.

Dependence on receptor number, RT

Fig. 4 shows the results for detachment simulations (TmvlO
versus jYc) for four different receptor numbers (5 X 104 '
RT ' 3 X 105). As RT increases, the curve shifts to the right,
indicating a higher critical shear rate. This is expected
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8x103 1x104

FIGURE 4 Time required for a sphere to travel a distance of 10 radii
along the surface, for varying receptor number. Eq. 12 is fit to the data,
where the asymptotic limit gives the critical shear rate. Increasing the
receptor number increases the critical shear rate. In this example, kfo = 5 X
10-9 cm2/s, kr = 5 X 10-3 s-', and F, = 0.01.

because particles with more receptors have more bonds in
the contact region. Thus greater shear rates are required for
detachment.
The critical shear rates, %, can be plotted as a function of

receptor number. Fig. 5 shows the critical shear rate as a

function of RT for F, = 0.01. The critical shear rate in-
creases with receptor number. At low receptor number, the
critical shear rate is linear with the receptor number; at a

higher receptor number, the critical shear rate reaches a

saturable value. As we described (Kuo and Lauffenburger,
1993), the slope of the critical shear rate rate versus the
receptor number curve at low receptor number gives the
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FIGURE 3 Scaled distance traveled by a sphere after varying detach-

ment shear rates are applied. The distance traveled increases as the shear
rate increases. Low shears, as shown in this example by fy = 50 s- 1, do not
detach the sphere from the surface, and the distance traveled remains at
zero.
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strength of adhesion molecules. Fig. 5 also shows the linear
curve fit to the data in the linear regime.

These sample simulations illustrate the analysis method
used for all simulations to determine the critical shear rate,
,*c As with the RFDA experiments, the critical shear rates
are determined for several receptor numbers. The slope of
critical shear rate versus receptor number is then determined
for the particular values of kfo, er, KD, and F,r. To compare
to critical shear stress reported in the RFDA experiments,
we multiplied the critical shear rate by the solution viscosity.

Computer animation

The computer graphics and animation were used to observe
the formation and breakage of bonds as well as the sphere's
rotation and translation along the surface during detach-
ment. In Fig. 6 we show several snapshots of the contact
region between the bead and the substrate that provide
insight into the mechanism of adhesion and detachment.
Fig. 6 A shows the binding at T = 200 for an attached
particle at steady state. At equilibrium, 191 bonds are
formed. Fig. 6 B shows binding of the same particle after
initiating a flow of jy = 10,000 s-. The radial line segment
was normal to the substrate at steady state; its rotation off

A

C

the normal illustrates a slight rotation of the sphere after the
initiation of flow. The bond number has decreased to 141.
Fig. 6 C shows the same particle at a later time. Now the
particle is translating over the surface much more quickly,
and the bond density has decreased to 38. Fig. 6 D illustrates
a particle that was bound at steady state as in Fig. 6 A, but
was exposed to a lower rate of shear of 300 s-1, insufficient
to dislodge the particle. Note that the level of binding
actually increases to 297 after exposure to flow, because of
the small rotation of the particle and the compression at the
front edge of contact, which brings a greater fraction of the
particle surface in contact with the substrate, leading to
more binding.

SPECIFIC RESULTS

Dependence on the spring constant

The bonds are treated as adhesive springs; thus their stiff-
ness is characterized by a spring constant a. The spring
constant can be varied while maintaining a constant reactive
compliance F,, the fraction of the energy devoted to bond
strain that is actually devoted to breaking the tethers. A
value for F, of 0.01 is chosen while varying aT, allowing the

B

D

FIGURE 6 (A) Graphic representation of the contact zone for a particle attached at steady state. Bond formation has reached steady state by T = 200,
and the bead is stably attached. This state is the initial condition for detachment. In this example, the bead has 105 receptors and 191 bonds have formed,
as indicated by the number in the lower right corner. The parameters for this example are kf1 = 5 X 10-9 cm2/s, k' = 5 X 10-3 s-', and F0, = 0.01. (B)
Graphic representation of bond formation in the contact zone immediately after application of flow. Detachment fluid flow ( 10= s04-s) has been applied
to the adherent bead of A. Bonds in the rear of the sphere are extended as the sphere rolls forward along the substrate. The number of bonds at the time
of the snapshot, detachment T = 201, is 141, as shown in the lower right corner. (C) Graphic representation of the contact zone well after flow has been
applied: incipient detachment. Fluid flow (,y = 04 s-') has been applied to the adherent bead shown in A. A snapshot is taken at T = 203, a time later
than shown in B. Fewer bonds (38) remain, and the sphere has rolled forward along the substrate. (D) Graphic representation of the contact zone after
applying a low shear rate insufficient for detachment. A lower detachment fluid shear rate (,y = 300 s- 1) has been applied to the bead of A, which is bound
at steady state. The fluid shear stress is insufficient to dislodge the particle from the surface. A snapshot is taken at T = 222, and fluid flow was applied
at T = 200. Bonds are formed as the sphere rotates slightly forward to accommodate the external shear. At this time, 297 bonds have formed.
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transition state spring constant o-t, to vary appropriately.
This isolates the effects of the spring constant on detach-
ment. To demonstrate the effect of o- on detachment, we

doubled o- to 2 dynes/cm. The critical shear rates are com-

pared to the values obtained from simulations in which ar =
1 dyne/cm (Fig. 7). The critical shear rates in the linear
regime are the same for o- = 1 dyne/cm and cr = 2
dynes/cm, and thus the slopes are identical. Therefore, the
slope of the curve of critical shear rate versus receptor
number at low receptor number is unaffected by spring
stiffness. However, the saturation levels are different for the
different values of the spring constant, with stiffer springs
leading to lower values of the critical shear rate at high
receptor number.

Dependence on reactive compliance

The reactive compliance, F,, further characterizes the bond
micromechanics. This quantity is a fraction of the energy of
bond strain that is actually devoted to breaking tethers.
Hammer and Apte (1992) showed that decreases in F, lead
to an increase in adhesiveness for cell attachment under
flow conditions. It is desirable to study the effects of the
reactive compliance on detachment. We illustrate the results
for three different values of F,: 0.005, 0.01, and 0.02, where
the spring constant a- was maintained at 1 dyne/cm and the
transition state spring constant at, varied from 0.995 to 0.98.
We found that F, = 0.005 gives the highest critical shear
rate. This agrees well with Hammer and Apte's (1992)
results for attachment, in which greater adhesiveness corre-

sponds to lower values of F,. Thus the detachment results
illustrate that the reactive compliance is an important deter-
minant of detachment.
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We varied the receptor number and determined the crit-
ical shear rate for three different values of Ff,. The critical
shear rates are plotted as a function of RT for different F,.
This is shown in Fig. 8. Again, the critical shear rate reaches
a saturable value at high RT (RT ' 2 X 105). For F,, =

0.005, a maximum critical shear rate appears to occur with
RT. Only data in the linear regime of the critical shear rate
versus RT plot are used to determine the molecular strength
of adhesion. Just as Hammer and Apte (1992) concluded
that the adhesiveness is greater for lower values of F, in
attachment simulations, the lower values of F , correspond

to higher specific adhesion strengths, as indicated by the
greater slope of the critical shear rate versus RT curve.

Dependence on equilibrium dissociation constant

Again, we examine detachment as a function of the equi-
librium dissociation constant, the ratio of the rate constants.
We varied the dissociation constant KD in two ways: 1) by
maintaining a constant forward reaction rate and varying the
reverse rate, or 2) by maintaining a constant reverse reaction
rate and varying the forward rate. We show how the slope
of the critical shear rate versus receptor number depends on

the equilibrium dissociation constants. The analytical result
is also displayed as a point of reference, with parameters
obtained from the curve fit of Dembo's model to the exper-

imental data (Dembo et al., 1988).
Briefly, the experimental adhesion strength data (Kuo

and Lauffenburger, 1993) can be analyzed in terms of a

theoretical treatment previously offered by Dembo et al.
(1988). The model is derived from a mechanical force
balance on a peeling interface, allowing for stress distribu-
tion within the contact region, with the greatest stress acting
on bonds at the perimeter of the region. The treatment
specifies that the bond association and dissociation rate
constants may be altered by input of energy, by a strain-
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FIGURE 7 Critical shear versus receptor number for both a 1 and 2
dynes/cm and F, = 0.01. At low RT, the critical shear as a function of RT
can be fit with a linear function to obtain the specific adhesion strength.
The maximum critical shear at high receptor number depends on the spring
constant. However, the specific adhesion strength does not differ for the
different values of (J. In this example, 1f' = X10-9 cm2/s, k/ = 5 X 10-3
s ,and F, = 0.01.
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FIGURE 8 Critical shear versus receptor number for F,, = 0.005, 0.01,
and 0.02. An asymptotic value of critical shear is reached as the receptor

number increases for each value of F,,. The specific adhesion strength and
the asymptotic value at high shear increase with decreasing F,J. In this
example, kf = 5 X 10-9 cm2/s, kr = 5 x 10-3 s- and o- = 1 dyne/cm.
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dependent phenomenon. Dembo et al. define the critical
tension Tcri, as the value required to just begin peeling of a
cell surface from the adhesion substratum. A mechanical
force balance leads to an expression for Tcrt:

TCt= kBONR In{1 + (NL/KD)} (12)1 + cos a

where kB is Boltzmann's constant, 0 is the absolute temper-
ature, NL is the substratum ligand density, a is the front
angle between the membrane and the surface, and NR is the
cell receptor density. The surface energy for bonding be-
tween the membrane and the surface is equal to the numer-
ator on the right-hand side of the equation and can be
equated to an expression by Evans (1985) for the adhesion
density, giving
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where lb is the extent of stretch required to reach the peak
force, Ft is the total force needed to detach a bead/cell from
the surface, and RC is the receptor number in the contact
region. Details can be found in Kuo and Lauffenburger
(1993). The main result is that the analytical model and the
experimental data show that adhesion strength is propor-

tional to the logarithm of the bond affinity.

Dependence on reverse rate constant

The forward rate constant was held constant (kfl = 5 X 10-9
cm2/s) while the reverse rate constant was varied (er = 1 X
10-3 to 5 x 10-1 S-1) to observe the effects of the reverse

rate on detachment. This variation of the reverse rate con-

stant gave dissociation constants KD ranging from 3 X
10-13 M to 1.5 X 10-10 M. We performed simulations in
which kro was reduced five-fold to 1 X 10-3 s -1, while
maintaining constant ef4. The saturation behavior was again
observed in the shear rate versus receptor number for a

range of Fa values, so the linear curve fit was performed on

the data at low RT. When we examined the effects of the two
different values of k1° (5 X 10-1 s-1 and 1 X 10-3 s-1) on

the critical shear rates, the lower reverse rate constant gave
the larger slope. Because the reverse rate constant affects
the dissociation constant, these results also indicate that the
lower dissociation constant, or higher affinity, gives a larger
slope.

Fig. 9 shows the slopes as determined from the plots of
critical shear rate versus receptor number, for a range of KD,
obtained by varying either the reverse or forward rate con-

stant. Shown in this figure are the results for the three
different values of the reactive compliance, F,. The slope
decreases with increasing ln(KD). The curves representing
the different Fa are similar, with higher values of F, giving
smaller slopes. Therefore, the critical shear rate is uniquely
determined by KD and does not depend on the apportioning
of dissociation constant between on and off rates.

FIGURE 9 Effect of forward and reverse rate constants on specific
adhesion strength. The specific adhesion strength for different F, are

shown over a range of dissociation constants, obtained by 1) varying kr?
while maintaining kf at 5 X 1o-9 cm2/s and 2) varying kf1 while maintain-
ing k, at 5 X o-3 s-'. The solid line represents the analytical expression
given by Dembo and co-workers (1988), fit to experimental data.

Dependence on forward rate constant

A similar set of simulations was generated, maintaining the
reverse rate constant (kr1 = 5 X 10-3 s-1) and varying the
forward rate constant (kf1 = 2.5 X 10-8 to 5 X 10-11 cm2/s)
to observe the effects on detachment. Fig. 9 shows the
slopes as determined from the plots of critical shear rate
versus receptor number. The forward rate constant was

varied to obtain the different dissociation constants KD,
ranging from 3 x 10-13 to 1.5 X 10-0 M. Shown in this
figure are the results for the three different values for Fa. As
before, the slope decreases with log(K 1). The curves rep-

resenting the different F,r are similar, with higher values of
F, giving smaller slopes.

Heterogeneity

The effects of receptor position heterogeneity on the critical
shear rate can be examined by using a different distribution
of the receptors on the surface. For a series of 10 different
seed values for distribution, only 0.4% variation in the
critical shear rate was obtained. Thus performing the sim-
ulation for a single bead is an excellent approximation for a

heterogeneous population of receptor-coated spheres.
Receptor number heterogeneity was also examined to

observe the effects on the critical shear rate. When a coef-
ficient of variation (CV) of 0.26 (Saterbak et al., 1993) was

used for the receptor number, attachment and detachment
were simulated for the receptor numbers, with one standard
deviation greater or less than the mean. Simulations of
detachment were performed for spheres with a mean recep-
tor number of 105. Then the simulation was repeated for
spheres with receptor numbers one standard deviation from

- jr .Fo=O-.oo05varykr
_ . Fa - 0.00 varyk
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the mean. The CV in the critical shear rates for these
simulations, as determined from the asymptote of the time
(to move a distance of 10 radii) versus shear rate, ranged
from 0.21 to 0.27, consistent with the receptor number
deviation. This deviation, due to receptor number heteroge-
neity, was seen in all shear rate measurements. Because the
simulation is rigorously dependent on the receptor number,
it can be assumed that heterogeneity in RT will affect the
critical shear stress.

COMPARISON TO EXPERIMENT

Previous experimental data

Previously we have shown that the adhesion strength can be
measured as a function of affinity of the receptor-ligand
pair, using a radial-flow detachment assay (Kuo and
Lauffenburger, 1993). We used latex polystyrene beads
coated with biological molecules as a model for biological
cells. The beads allowed easy and systematic manipulation
of the type and number of proteins on the surface. Animal
immunoglobulin G antibodies (IgG) were chosen for the
receptor linked to the bead surface. Protein A (SpA), a cell
wall constituent of Staphylococcus aureus, was chosen as

the complementary ligand. Flow cytometric and radiolabel
techniques were used to measure the equilibrium dissocia-
tion constant, KD, between IgG and SpA. Most importantly,
alteration of medium pH or use of different animal species
as IgG sources permitted the variation of KD over three
orders of magnitude.

Adhesion strength was determined from measurement of
the critical shear stress for detachment of beads from the
coated glass substratum in the radial fluid flow chamber,
following the method of Cozens-Roberts et al. (1990). Shear
stress values were converted to total force by using an

analysis of the translational force and rotational torque for a

spherical particle near a surface (Hammer and Lauffen-
burger, 1987; Goldman et al., 1967a,b).
We found the adhesion strength per molecule (specific

adhesion strength) to be proportional to the logarithm of the
equilibrium dissociation constant, with a lower dissociation
constant (greater bond affinity) corresponding to a higher
slope (greater adhesion strength). These experimental re-

sults were examined in terms of a theoretical relation com-

bining analyses by Dembo et al. (1988) and Evans (1985).
This relation predicts a logarithmic dependence of adhesion
strength on bond affinity. The experimental data were in
accord with this prediction.

Simulation and experimental results

The dynamic cell detachment simulation model developed
in this work can be used to describe the experimental RFDA
data. We obtained the same general trends for critical shear
rate as a function of receptor number as in the experiments.
As the receptor number increases, critical shear rate in-
creases to an asymptotic level, at which increases in recep-

tor number no longer contribute to increases in the shear
rate required for detachment. In addition, the simulations
have shown that systems with lower KD reach saturation at
a lower receptor number. This trend was seen experimen-
tally by Kuo and Lauffenburger (1993).

Fig. 10 shows the results for the simulations, along with
both the analytical prediction from Dembo's model and the
experimental RFDA data. Qualitatively, excellent agree-
ment between the simulation results and the analytical ex-

pression was obtained from first fitting the experimental
data with Dembo' s model, then fitting Dembo' s model with
the simulations. The slope varies logarithmically with KD in
the experiments, the theory, and the simulations.

Fig. 10 illustrates that a bond reactive compliance of 0.01
is most consistent with the experimental data. As shown in
Fig. 9, a reactive compliance larger than 0.01 would under-
estimate adhesion strength, whereas a reactive compliance
smaller than 0.01 would overestimate. This result implies
that only a small fraction (1%) of the total energy in bond
strain is actually devoted to breakage of the tether, and the
remainder is devoted to the extension of the molecule.

DISCUSSION

A simulation method has been presented for receptor-me-
diated attachment and detachment of a receptor-coated hard
sphere to ligand-coated surfaces under viscous shear flow.
We used the method to examine the effects of surface
chemistry and bond micromechanics on cell detachment,
examining a single model cell at a time. In the model, we

vary parameters such as receptor densities, binding equilib-
rium and kinetic constants, bond response to strain, and
fluid detachment force.
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FIGURE 10 Comparison of simulation and experiment: specific adhe-
sion strength as a function of KD. The specific adhesion strength is
calculated for different dissociation constants (A) at Fa = 0.01. These
simulation results were obtained by varying the reverse rate constant while
maintaining kf = 5 x 10-9 cm2/s. 0, Experimental data for the SpAMIgG
system. The solid line represents the analytical expression given by Dembo
and co-workers (1988).
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This method is an extension of Hammer and Apte's
model for attachment of microvilli-coated hard spheres to
surfaces under fluid flow. The objective of this calculation
was to simulate the detachment of particles from surfaces.
Fluid flow of varying shear stresses was applied to the
system to detach the bead from the surface. Bond numbers,
velocities, and forces were calculated and tracked through
time. The critical shear rates were determined from mea-
surements of the time taken to travel a distance of 10 bead
radii, and a function was fit to the data to determine the
asymptote. This limit gave the critical shear rate, or the
shear rate at which infinite time is required for detachment.
The slope of the critical shear rates versus receptor number
is proportional to the specific adhesion strength, and the
slopes for different sets of parameters can be compared.
The simulation results showed that the critical shear rate

reaches a saturable level as receptor number increases (Figs.
5 and 8). This is in agreement with predictions of Hammer
and Lauffenburger (1987) and with the experimental data of
Kuo and Lauffenburger (1993). Increasing receptor number
beyond that level is of no additional value for maintaining
cell attachment under fluid flow. In addition, the simula-
tions reproduced the observation that systems with high
affinity binding molecules reached their plateau critical
shear rates at lower receptor numbers than systems with
lower affinity values. This is in agreement with experimen-
tal RFDA data, as observed with the SpA/IgG and avidin/
biotin studies.
The model was used to examine the effects of microme-

chanics on detachment. The adjustable parameters were the
spring constant and the reactive compliance. Variation in
the spring constant by a factor of 2 did not produce different
critical shear rates in the linear regime, and thus the slopes
or specific adhesion strengths were identical (Fig. 7). How-
ever, increasing the spring stiffness did increase the asymp-
totic value of critical shear rate obtained at high receptor
number. Thus, for these conditions, the spring stiffness
alone does not influence the adhesion.
The simulations showed that an increase in the reactive

compliance leads to a decrease in the critical shear rate and
its slope as a function of receptor number (Fig. 8), or
equivalently, to a decrease in the ability of the bead to
remain adherent to the surface under flow. Because the
reactive compliance is the fraction of the total spring energy
devoted to the breakage of tethers under strain, it is expected
that smaller reactive compliance leads to greater critical
shear rates required for detachment. This behavior was
observed in the simulation results. However, it will be
important to experimentally determine the spring constant
to be used in these simulations, currently a factor that can
only be estimated. Until these parameters are experimen-
tally measured, their effects can be simulated.
The model was used to examine the effects of the kinetic

rate constants on detachment. A panel of simulations con-
sisted of maintaining a constant forward reaction rate and
varying the reverse rate to obtain a range of dissociation

taining a constant reverse rate while varying the forward
rate. For a given KD value, the slopes of critical shear rate

with receptor number were the same (within error), regard-
less of the set of kinetic parameters used (Fig. 9). This
indicates that kinetics do not significantly affect detach-
ment. Once adhered to the surface, the affinity controls the
strength. This is different from what has been shown ex-

perimentally (Tempelman and Hammer, 1994) and theoret-
ically (Hammer and Apte, 1992) for attachment under hy-
drodynamic flow; in this case, the kinetic forward rate

dominates adhesion, and adhesion is independent of the
affinity. These previous results and those of this paper

suggest that attachment and detachment are distinct adhe-
sive phenomena that are controlled by different features of
adhesion molecules.
An additional result is the confirmation that adhesion

strength depends on the logarithm of the dissociation con-

stant, KD. Previously we showed that our experimental
results were well fit by a hybrid expression from theoretical
work by Evans (1985) and Dembo et al. (1988), which
predicted this logarithmic dependence. The simulations
show the same functionality, and the dependence of adhe-
sion strength on the dissociation constant seems to be con-

sistent among theory, experiment, and simulation.
We were surprised by the value of the reactive compli-

ance necessary to re-create the experimental data. To de-
scribe the experimental data, we found that F,0 must equal
0.01, a value larger than but close to that predicted by
Hammer and Apte (1992) as being necessary for selectin
bonds to permit neutrophil rolling. We must measure this
parameter in many different systems of different function-
ality before reaching conclusions about its value. However,
dissociation depends on the exponential of F,0 multiplied by
the square of the strain on the molecules, so dissociation is
a strong function of F,0. Hence it may be that small changes
in F0. lead to large changes in dissociation and hence in
receptor function.

In conclusion, we have developed a dynamic, probabilis-
tic computer simulation for the detachment of antibody-
coated hard spheres from a ligand-coated substrate. The
antibody-ligand bonds were treated as adhesive springs. The
distribution of receptors on the sphere and the forward and
reverse reactions between receptor and ligand were simu-
lated by using random number sampling of appropriate
probability functions. The model simulated the effects of
many parameters on cell detachment, including hydrody-
namic stresses, receptor number, ligand density, reaction
rates between receptor and ligand, and stiffness and reactive
compliance of the adhesive springs. Adhesive dynamics
may be easily modified to incorporate more realistic models
for molecular rheology, once those models are elucidated.
The simulations accurately represented the experimental
data, re-creating the logarithmic relationship between adhe-

sion strength and the dissociation constant of the adhesion
molecules. In addition, the model predicted that a critical

equilibrium constants. A second panel consisted of main-
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ance, which relates the strain of a bond to its rate of
breakage.

APPENDIX A: RECEPTOR DISTRIBUTION

The spherical coordinates (4 and 0) of the receptor being placed on the
surface of a sphere are generated by random sampling, using

4 = rdm#l *T
0=rdm#2-2iT (A.1)

where the random numbers are drawn from a uniform distribution from 0
to 1. Each receptor, the area of which is represented by a disk, is placed on
the surface after comparing the new randomly generated 4 and 0 positions
with all existing receptor locations. If overlap between the disk of the new
receptor and any preexisting receptor exists, then the receptor is rejected.
Otherwise, the receptor is accepted and the values are added to the position
arrays of increasing 0, with RT total numbers. A corresponding 4 array is
produced. This presorted 0 array allows isolation of a local area of the cell
surface and the receptors in it, with great saving of computer run time.
Details of the implementation of the hard-disk overlap algorithm are given
in Kuo (1994).

APPENDIX B: COLLOIDAL FORCES

The van der Waals force is an attractive charge interaction between
polarizable molecules. The analysis of Dabros and van de Ven (1983) is
followed for calculation of the van der Waals attraction force. For a
colloidal particle near a surface under well-controlled hydrodynamic con-
ditions, Dabros and van de Ven give the dispersion interaction force by an
approximation (Suzuki et al., 1969):

E(£ + 22.232H)
FVdW =-AdH2(E + I 1.116H)2 (B.1)

where Ad is the dimensionless adhesion number, defined as

A A123
d 6kbT (B.2)

A 23 is the Hamaker constant for interactions between media 1 and 2 in 3,
a value estimated to be 2 x 10-20 J. This value was calculated on the basis
of literature data on Hamaker constants of glass, water, and latex (Dabros
and van de Ven, 1983). In Eq. B.1, £ is s/Rch, where a is the London
retardation wavelength. An estimate for E is 0.4 (Dabros and van de Ven,
1983). Finally, in Eq. B.1, H is (z - RCh)/Rch, where RCh is the particle
radius and z is the distance of the center of the sphere from the surface.

The gravitational body force is given by

distance between the sphere and the surface. This limit for approach is
included in the simulation to represent the steric and electrostatic forces.

APPENDIX C: TRANSFORMATIONS

Hammer and Apte model microvilli-coated spheres with 6000 receptors,
and run times on the computer for a single attachment simulation take
about 4 h. The simulations in this paper are for beads covered with 105
receptors. Therefore, extensive modification of the attachment algorithm
was needed to reduce computer run time. The main element requiring large
amounts of computer run time consisted of stepping through the entire
receptor arrays for all calculations, including checking for bond formation
and updating to the new positions. Rather than updating the position of
each of the receptors, which becomes a very large task when the arrays are
105 long, orthogonal basis vectors are tracked with time. Rather than all
receptors, only these three basis vectors and the origin are transformed with
time as the cell rotates and translates. Orthogonality is maintained over the
duration of the simulation. The downward-pointing vector is determined
from the transformation matrix, and a "patch" around this vector, rather
than the entire receptor array, is examined for bond formation. As a result,
only the 4) and 0 values in this patch are transformed to the appropriate
values, keeping the array in the original basis set and significantly reducing
computer run time. Details of the matrix mathematics of the transforma-
tions follow.

Three unit basis vectors (or axes) are used to describe the sphere. In
Cartesian coordinates, the initial basis set is chosen to be the identity
matrix:

[I]= 1 0
LO 0 1

(C.1)

The matrix [I] contains the unit axes that describe the sphere in its original
basis set. As the sphere moves in time, these three vectors are transformed.
So, letting [T] be the transform matrix, where

[I][T] = [T] (C.2)

gives the result that [T] contains the axes in the new, transformed base.
To find the region or patch on the sphere surface near the ligand surface,

the downward-pointing vector in the current time step is found. The current
downward-pointing vector is defined simply to be the unit x vector:

(C.3)

This same vector must be defined in the original basis set. An inverse
transform is performed, using

Fgr =3 (Pc- pm)Rcg

where pc is the cell density, Pm is the medium density, and g is the
gravitational constant.

Two other major forces exist in biological systems at distances from 50
to 250 A. The electrostatic force is usually a repulsive force, given that the
surface charges are of the same sign. The steric stabilization force occurs

because of the overlap of molecular chains (Bongrand and Bell, 1984) or,

equivalently, two polymer coats. The water of hydration is pushed out and
a repulsive force results as the water displays an osmotic tendency to
retum. The steric and electrostatic repulsive forces are modeled as a step
function, which essentially prevents the bead from coming closer than a

distance Smin to the surface, where Sm,n is the location of the step. This
implies that the contribution to the total force from the steric and electro-
static forces is zero for bead/surface distances greater than Smin and infinity
for distances less than Smin, The infinite repulsive force implies a minimum

where xo is the same vector, but in the original basis set. Conveniently,
because [T] is orthogonal, the inverse of the matrix is just the transpose,
and thus xo is simply the first column of [T]. This vector defines a range

of 0 and corresponding values in which attachment and detachment are

analyzed. Because the 0 values are stored in the array by increasing value,
a "slice" of the sphere is analyzed for attachment and detachment. Thus
only a fraction of the entire array is checked for binding, saving tremen-
dous amounts of computer run time.

To determine the patch size, an angle ; is calculated from the geometry
of the sphere near the surface. The height of the sphere above the surface
is crucial in determining this angle. The patch region is set to be the area

of the sphere within twice the length of the receptor from the sphere.
Beyond this height, it is assumed that bonds cannot form. Using an

antibody (240 A) as the receptor and a height restriction of twice this size,
the angle ; can be determined.

(B.3) (C.4)
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An interesting issue arises when determining the transformation matrix
[T] with each time iteration. With each iteration, the sphere experiences
torques, and thus rotations, around each of the three axes. These rota-
tions cannot occur sequentially, because the order affects the final result.
For example, rotating 900 around the x axis, followed by rotating 900
around the y axis, gives a different result for the transform than perform-
ing the opposite order, around the y axis and then x. In terms of matrix
transformations,

[R]x[R]y * [R]y[R]x (C.5)

Rotations are not commutative. It is necessary to determine the matrix [R],
where [R] is the result of the three rotations occurring simultaneously.
Then [R] can be used to calculate the new transform matrix by

[T]n = [T]n-l[R]

A closed-form solution for the simultaneous, triple rotation does exist and
can be derived from integrating equation 8.5.4 of Frazer et al. (1947). The
result is an expression for [RI, in terms of the angles of rotation:

[R] = exp[Q] (C.7)

mutative operations over x, y, and z:

[R] = exp([Q]x + [Q], + [Q]z) (C. 14)

In summary, the transform matrix [T] is calculated using [R] (Eq. C.9),
and the inverse or transpose of [T] is taken. The first column of [T] gives
x0, the downward-pointing vector in the original basis set. This vector
defines a neighboring range of 0 and corresponding 4 values in which
attachment and detachment are analyzed. Maintaining a sorted and seg-
mented 0 array reduces the number of calculations performed, because only
a fraction of the receptors are examined for binding.

APPENDIX D: DIMENSIONLESS
GOVERNING EQUATIONS
When the dimensionless variables given in Table 1 are used, the governing
equations for the system become

1) kinetics of binding and breakage during a time step At:

X = exp(-vtsm- 8)2)

The matrix [Q] is given by

O(otz 7Xy1

[Q] -z0 0 Wx

L (AY Xx O

where xx, wy3, w are the rotations around the x, y, and z axes, resp
Using the properties of exponentiation of a matrix (Frazer et al., 1
can derive the closed-form solution for the rotations:

sin k 1 -cos k
[R] = exp([Q]) = [I] + k [Q] + 2 [Q]

where

k l2X + co2 + 0Rs2k = WX+wy+c
(D. Asimov, personal communication).

The reader may find it interesting to see how Eq. C.6 relatF
rotation around each axis. Separating [Q] into its components, w

[Q] = [Q1X + [Q]Y + [Q]Z
where

f3 = 3O.exp((V- ts)(.m- )2)

Pb = 1 -e-Xe T

(C.8)
Pr = 1 - C

2) dimensionless forces and torques due to the bonds, where forces are
scaled to TRCh and torques to 4/3 o-R 2:

(C.9) F ^=(IBI-8) , i=x,y,z
\IBI

A 4 A 4
Cx = [-F sin Om sin OmFyCOSOm]

Y3
(C.10) Cy =- [Fx cos (tm -F sin (m COS om]

es to the A 4 A A

ie obtain CZ = - [Fy sin (>m COS Om - Fx sin Om sin Om]

(C. 11) IB| = _XOm)2 +G(o )2 + (Ao< )2

3) dimensionless colloidal force:

01 - 00 y
-

CI)x,[QIy= O 0 0 ,

0 CL)y 0 0

[Q]I = -[oz 0 0

Using only the x component in Eq. C.6,

[1 0 0

[R]X = exp[Q]x = cos x sin cox

LO -sin w(x cos cxj

(C. 12)

F= F-vd + Fg

(8 + 22.232H) 4 -iT

=-6R~2 IHf(- + 11.116H)2] + 3- (PC-pm)Rchg
(D.5)

4) dimensionless force and torque balances:

force in x:
^A

=
EA A

F7(h)Vx= Fx + x
b

(C.13)

we arrive at the well-known transformation matrix for rotation about the x

axis. Similarly, the y and z components are the rotations about their

respective axes. We noted earlier that the rotations are not commutative-

and, therefore, cannot be multiplied in any order to obtain the same result.

However, the composite rotation matrix [R] does, in fact, use only com-

force in y:

-F3(h)Vy + FI(h)lz- -F5(h)(I + h) = a Fy
Xo b

force in z: F3(h)Vz + F1(h)fl =-a FZ
b

(D.1)

(D.2)

(D.3)

(D.4)

Q K o

[Q]X= ° O
LO - (t)x
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torque in x: F8(h)l= cx (D.6)
b

torque in y: -F4(h)Vz F2(h)Qy = af'EC
b

torque in z:

1 F4(h)Vy- 1 F2(h)l C - F6(h)a a'f 2a
b

In these expressions, summation is over the bonds, designated b. These
balances are derived in Hammer and Apte (1992). Fi(h) are hydrodynamic
functions. F, through F6 are given by Goldman, Cox, and Brenner (Gold-
man et al., 1967a,b). F7 is given by Brenner (1961), and F8 is given by
Jeffrey (1915). These expressions are used to find [M], the mobility matrix,
and U, the velocities, through Eq. 10.
5) translation of molecules:

diod= -Vi, i= x,y,z (D.7)

and 6) rotation of molecules using the transformation matrices (Appendix C).
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